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1. (10 marks) Use definition to prove that
flz)=2"+1

is continuous at x = 1.

2. (10 marks) Let f:[0,1] — R be uniformly continuous on [0, 1]. Assume that
f + g is uniformly continuous on [0, 1].

Prove that ¢ is uniformly continuous on [0, 1].
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3. (10 marks) Use the Mean Value Theorem (MVT) to prove that

Vr<az forall z>1.
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4. (10 marks) Let f(z) = €* — e~ * where z € R.

4.1 (5 marks) Show that f is injective (one-to-one) on x € R.

4.2 (2 marks) Use the result from 4.1 and the Inverse Function Theorem (IFT) to explain that
f~! differentiable on R.

4.3 (3 marks) Compute (f71)'(2).
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5. (10 marks) Define

1 ifzx=1
f(z) = {2 if z € (0,1)U(1,2)

Use definition to show that f is integrable on [0, 2]
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6. (10 marks) Let f(z) = 2z + 1 where z € [0, 1] and

27 +1 1 3 5
P12 01, nb= , , ol
2n +1 2n+1 2n+1"2n+1

be a partition of [0, 1]. Find the Riemann sum of f and find I(f).
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7. (10 marks) Let g be differentiable and integrable on R. Define

f(x):/lx &\/?dt where z > 0.

1
Show that / f(z) 4+ g(x)dz = 0.
0

1
Hint: Use integration by part to / f(x)dx.
0
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8. (10 marks) Evaluate the infinite sum :

[e.o]

1 1 1
2022 —
Z 2023k [ 20231 + 2023k+1

k=1

Hint: Use Telescoping and Geometric Series.
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9. (10 marks) Let {a;} and {b;} be sequences in R. Prove that
if Z ap and Z b, converges absolutely, then Z(ak + b) converges absolutely.
k=1 k=1 k=1

Hint: Use Cauchy criterion
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10. (10 marks) Prove that

is conditionally convergent.
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Math SSRU

Solution Final Exam. 2/2022
MAC3309 Mathematical Analysis

1. (10 marks) Use definition to prove that
flz)=2"+1
is continuous at x = 1.
Proof. Let € > 0. Choose 0 = min{1, £} such that [z — 1| <. Then |z — 1| < 1. So,
lz] —1<|z—1| <1
Thus, |z| < 2 and |2?| < 4. We obtain

(&) = F(1)]

22+ 1) -2 =|2° - 1]
r—1D(2* +ax+1) =z — 122+ 2+ 1|

(
(
£
<§(lz)* + 2] +1) < ?-(4+2+1) =c.

Therefore, f is continuous at x = 1. [

2. (10 marks) Let f:[0,1] — R be uniformly continuous on [0, 1]. Assume that
f + g is uniformly continuous on [0, 1].
Prove that ¢ is uniformly continuous on [0, 1].

Proof. Assume that f and f + g be uniformly continuous on [0, 1].
Let ¢ > 0. There is an §; > 0 such that

|z —al < 4y for all z,a € [0,1] implies |f(z) — f(a)| < g.

and there is an d > 0 such that
€

|z —a] <y for all z;a € [0,1] implies |f(z) + g(z) — f(a) — g(a)| < 3

Choose 0 = min {d1,d2}. Let x,a € [0,1] such that |x — a| < §. Apply the triangle inequality, we
have

l9(x) — g(a)| = [f(z) = fla)] <|f(x)+ g(x) — f(a) — g(a)] < g
It follows that

Thus, g is uniformly continuous on [0, 1]. O



3. (10 marks) Use the Mean Value Theorem (MVT) to prove that
Ve <z forall z>1.
Proof. Let a > 1 and define
f(z) =+/xr —x where z € [1,d.

Then f is continuous on [1, a] and differentiable on (1, a). It follows that

-1
’ 2\/x
By the Mean Value Theorem, there is a ¢ € (1,a) such that
fla) = f(1) = f'(c)(a—1)

Va—a= (2%/5‘1) (a—1)

From ¢ > 1, it leads to /¢ > 1 or 2,/c > 2 > 1. So,ﬁ<1. We have

1
——1<0.

2y/c

Since a > 1, a — 1 > 0. Therefore,

ﬁ—az(%ﬁ—l)(a—l)<0

Therefore, We conclude that +/z <z forall x> 1.



4. (10 marks) Let f(z) = e* — e * where x € R.
4.1 (5 marks) Show that f is injective (one-to-one) on x € R.
Proof. Let x,y € R and x # y. WLOG x > y. Then —x < —y. We obtain
e’ >eYand e <e V.

So, —e™* > —e Y. It follows that

ef—e P >e¥—eY

f(@) > [f(y)
So, f(x) # f(y). Therefore, f is injective in R. ]

4.2 (2 marks) Use the result from 4.1 and the Inverse Function Theorem (IFT) to explain that
f~! differentiable on R.
Solution. Since f is injective, f~! exists. It is clear that f is continous on R. By IFT, we
conclude that f~! differentiable on R.

4.3 (3 marks) Compute (f71)'(2).

Solution. We see that f'(x) = e” + e~* and

1 3
12:1n2_ —1n2:2__:_'

So f71(3) =In2. By IFT,

—1y/ § _ 1
Y )<2) )
1
i)
1




5. (10 marks) Define

1 ifz=1
flz) = {2 if £ € (0,1)U(1,2)

Use definition to show that f is integrable on [0, 2]

Solution. Let € > 0. Case ¢ < 2. Choose P = {O, 1 - 27 1,1+ 2,2}.

Y

[a—y

—_

+
1™
[\

We obtain

U(f,P):Q(l—Z)Jrz(

Lrp =2 (1-7) +1(

U(f.P) = L(f,P)=3 <=

Case € > 2. Choose P = {0, 1,2}. Then

U(f,P)=2(1—-0)+2(2—1)
L(f,P)=1(1-0)+1(2—1)
U(f,P)— L(f,P) =2 < e.

Thus, f is integrable on [0, 2].



6. (10 marks) Let f(z) = 2z + 1 where z € [0, 1] and

27+ 1 1 3 5
[ e Ry R g , : ol
2n +1 2n+1 2n+1"2n+1

be a partition of [0, 1]. Find the Riemann sum of f and find I(f).

Solution. Choose The Right End Point , i.e., f(t;) = f(;"lill) on the subinterval [z;_;, z;]
and

241 2 -1)+1 2

- _ forall i =1.2.3.....n.
S o+ 1 g1 AT hEd el

We obtain
- - 25 +1 2 2 < 25 +1
;f(]) I ;f<2n+1) M+l il 1{ (2n+1)+ ]

Jj=

2 2 n n
- 2+ 1 1
om—+1 2n+1Z<‘7+ H;

=1

9 B 9 n n
- 2% 1
om+1 2n+1< JZ{H; >+n

2 2 5 n(n—|—1)+ n
= ~ n n
2n+1 [2n+1 2

2 [2(n?+2n)

= +n
2n+1| 2n+1

4(n? + 2n) N 2n

(2n+1)2  2n+1

Thus,

& 4(n* + 2n) 2n

1) = ||11>1||H—1>o; J(t) Az = 7}13)10 2n+1)2  2n+1 a

1+1=2 #




7. (10 marks) Let g be differentiable and integrable on R. Define

f(x):/j %dt where = > 0.

1
Show that / f(x) + g(z)dz = 0.
0

1
Hint: Use integration by part to / f(z)dx.
0

Solution. By the First Fundamental Theorem of Calculus and Chain rule,

By integration by part, we obtain
/0 f() di = / o f(2) di = [ f ()]} — / of (x) di
1
— 1/(1) — 0f(0) - / £ 29(s?) du
— (1) - / 9(2)(2?) de

— /11 i\/? dt — /01 g(é(x))¢ (z) dz Change of Variable ¢(z) = 2
#(1)
=0 — t) dt
/(;5 o 9(t)

:—/Olg(t)dt
:—/Olg(x)dx.

Thus, /Olf(x)+g(m)d:c:/01f(a:)dx+/o g(x)dzx = 0.



8. (10 marks) Evaluate the infinite sum :

= 1 1 1
2022 —
kZ:; 2023% [ 2023k-1 * 2023k+1
Hint: Use Telescoping and Geometric Series.
Solution. Consider
L 2022 ! + ! = 2022 L ! + =
2023F 2023k-1 © 2023k+1| 2023%  20232k—1  20232k+1
= 2022 L ! !
B 2023k \ 202321 2023%+1 )
We obtain

1 1 1
2022 - - -
- { 2023F (2023%—1 2023%“)1

<1 > 1 1
— 2022 _ — .
0 ; 2023k Z (2023%—1 20232'f+1)

1 1 1 >
2022 — —
Z 2023k { 2023k—1 * 2023k+1} -

00
k=1

k=1
1
597 1 1
= 2022 . —2023__ _ <—— lim —)
1-— ﬁ 2023 k—o00 20232k+1
1 2022
1 _ 4

2023 2023



9. (10 marks) Let {ax} and {bx} be sequences in R. Prove that

if Z ap and Z by converges absolutely, then Z(ak + by) converges absolutely.
k=1 k=1 k=1

Hint: Use Cauchy criterion

Proof. Assume that Z ay and Z by converges absolutely. Then Z lax| and Z |bx| converge.

k=1 k=1 k=1
Let € > 0. By Cauchy crlterlon there is an N; € N such that

o = €
m >mn > N; implies ’;— lag| < 7
and there is an Ny € N such that
S . 3
m >n > Ny implies ,;_ |b| < 3

Choose N = max{Ny, No}. Let m,n € N such that m > n > N. We obatin

Z|ak+bk| <

(Iakl + [0x])

|ag| + Z | b |
k=n

Ms IIMS

3

A
NI 0 F
+
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|
™

Thus, Z |ax, + by| converges. This result concluded that Z(ak + by) converges.
k=1 k=1



10. (10 marks) Prove that
- 1
~1)*In (14—
2t (ig)

1

is conditionally convergent.
Solution. Firstly, we see that
1
limIn{1+4+—)=0.
m n( + k)

k—o0
1

Next, let f(z) = In <1 + —) where x > 1. The derivative of f(x) is
x

L -<—i><0 for all z > 1.

1
So, {ln (1 + —) } is decreasing. By Alternating Series Test (AST),

- 1
Z(—l)k In (1 + E) converges.

k=1

(=1)*1In (1+%)‘ zgln (1+%)

Finally, we consider

k=1
and
1 1
In (141 - (—3)
lim (1 k):lim”k—lzhm S)=1>0

=1
Since Z z diverges (p = 1), by the Limit Comparision Test, it implies that

k=1

- 1
Z In (1 + E) diverges.
k=1

Therefore, we conclude that
R A .
Z(—l) In(1+ z is conditionally convergent.
k=

1



