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1. (10 marks) Let a and b be real numbers. Prove that

(a+b+1)*<3(a®>+b*+1).

2. (10 marks) Let = be a real numbers. Prove that

1 —xz|=1+|z| ifandonlyif |z|+2=0.
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3. (10 marks) Define the set

2
A:{1+ n :nGN}.
n+1

Find sup A and inf A with proving them.
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4. (10 marks) Use Definition to prove that

lim n(n+1)

=1
n—oo M2 4+ 1

page 4 of 10



5. (10 marks)  Assume that x, — 1 as n — oco. Show that

Tp
— =0 as n— 0.
n2
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6. (10 marks) Use definition to prove that

{V/n+1-+/n} isa Caucy sequence.
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7. (10 marks) Define a set

1
E:{—:nGN}.
n

Determine whether 0 is a limit point of E. Verify your answer.
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8. (10 marks) Use definition to prove that

. 2x
wl—% r—3

=4
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9. (10 marks) Use definition to prove that

lim =
zo1- 12 —1
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10. (10 marks) Let f and g be real functions from a set E to R.
Assume that there are §p > 0 and K > 0 such that

lg(x)] < K forall z € (a — dp,a+ ) C E.
Let a be a limit point of F and f(z) > 0 on E. Prove that if f(x) — oo as  — a, then

M%Oas:c—)a.

f(x)
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Math SSRU

Solution Midterm Exam. 2/2022
MAC3309 Mathematical Analysis

1. (10 marks) Let a and b be real numbers. Prove that
(a+b+1)*<3(a®>+b>+1).
Proof. Let a and b be real numbers. By the fact that
(a—0)?>0,(a—1)>>0and (b—1)*>0.
We obtain

0<(a—0*+(a—1)*+(b—1)
0<(a®—2ab+b*)+ (a* —2a+ 1)+ (b —2b+ 1)
2ab + 2a + 2b < 2a” + 2b% + 2
(a® 4+ b* + 1) + 2ab + 2a + 2b < 2a* + 20> + 2 + (a> + b* + 1)
(a+b+1)><3(a*>+b*+1)

2. (10 marks) Let x be a real numbers. Prove that
1 —xz|=1+|z|] ifandonlyif |z|+2=0.

Proof. Let x be a real numbers.
Assume that |1 — x| =1+ |z|. Then

11— 2 = (1+ |2])?
(1—2)=1+2|z|+ |z|?
1—2v+2°=1+2|z|+2°

—x = |z|.

So, |z| +2 =0.
Conversely, we assume that |z| + z = 0. We obatin

—r = |z|
l—az=1+|z|

Since |z| >0, 1 +|z| > 1>0. So, 1 —z > 0. Thus,

l—z=[1-z|=1+]z|



3. (10 marks) Define the set

2
A:{l—i— n :nGN}.
n+1

Find sup A and inf A with proving them.
Claim that infA =2 and sup A =3

Proof. infA =2

2
Let n € N. Then 1 <n. So,1+n <n+n=2n. It’s clear that 1 < f . We obtain
n
2
2—1+1<1+
n+1
Thus, 2 is a lower bound of A.
Let ¢ be a lower bound of A. For n = 1, we get
2(1)
2=1+—=-€ A
+1~|—1
So, ¢ < 2. Hence, inf A = 2.
supA =3
2
Let n € N. It is easy to see that 2n < 2+ 2n = 2(1 +n). Then n1§2. We have
n
2
1+ <14+2=3.
n+1

Thus, 3 is an upper bound of A.
Assume that that there is an upper bound 1y of A such that

U0<3.

By definition,
14

< forall n € N
S St foralln (%)

Since uy < 3, > 0. By Archimendean property, there is an nyg € N such that

1 3—U0
No 2 '
By the fact that ng + 1 > ny,
1 < 1 <3—’LLO
no—l—l un 2
2 3 1 2

Uy < 3 — = Mo + =1 1o .

ng+ 1 ng+ 1 ng+1

This is contradiction to (). Therefore, sup A = 3.



4. (10 marks) Use Definition to prove that

fiy M+ 1)

=1.
n—00 n2+1

1
Proof. Let ¢ > 0. By Archimedean property, there is an N € N such that N <Ee.

1 1 1
Let n € N such that n > N. We obtain — < —. Since n? +1 > n?, —.
n— N n2+1 n?

From n > 1, we have |[n — 1| =n — 1 > n. It follows that

n(n+1) 1 = n(n+1)— (n?+1)
n?+1 a n?2+1
| 1‘ 1 - 1 1<1<
=|n—1]- n-—=—-—<-—<z¢e¢
n?+1 n? n N
nn+1)

Thus, li
Sy

5. (10 marks)  Assume that x,, — 1 as n — co. Show that

x
250 as n—oo.
2

Proof. Assume that x, — 1 as n — oo.
Given € = 1. There is an Ny € N such that n > Nj implies |z, — 1| < 1. Then

lzn] =1 <z, — 1] <1
|z,| < 2.

1 €
Let € > 0. By Archimedean property, there is an Ny € N such that — < —.

Ny 2
1 1
Let n € N. Choose N = max{N;, No}. For each n > N, we obtain n? > N2. So, — 5 < Nz
1 1 1
Since N > N; > 0, N2 > N2. We have e < N2 Use N? > Nj to obtain Fl < ﬁl
It follows that
0] =l Ly Ly Lyt
J— — xn c— < = < — S = £.
n? N? NN

x
Thus,—2—>0asn—>oo.
n



6. (10 marks)

Use definition to prove that

{v/n+1—+/n} isa Caucy sequence.

1 2
Proof. Let £ > 0. By Arichimedean property, there is an N € N such that N < %.
Let n,m € N such that n,m > N. Then /n > v/N and \/m > v/N.

1 1 1
We obatin — <

75 <
|(VaFT =) — (Vi + 1~ V)| =

Thus, {v/n+ 1 —y/n} is Cauchy.

7. (10 marks) Define a set

mandﬁgm.

L It follows that
Vn+1+4n — vVm+1+/m
(Vi + _\/ﬁ)'\/n+1+\/ﬁ_( m _ﬂ)'\/m+1+ﬁ
1 1
\/n+1—|—\/ﬁ_\/m—|—1+\/m‘
1 1
«/n+1+\/ﬁ+’\/m+1+\/ﬁ’
1 1
N
L—l—izi<5
VN VN VN

1
E:{—:nEN}.
n

Determine whether 0 is a limit point of E. Verify your answer.

Answer : 0 is a limit point of E.

1
Proof. Let € > 0. By Arichimedean property, there is an N € N such that — < e.

1
So, 0 < N < . We see that

It implies that

Therefore, 0 is a limit point of E.

N

1 1
0 d —€EFE.
€ (0,e) an w7 €

[(—£,0)U(0,8)] N E # @.



8. (10 marks) Use definition to prove that

2
lim L

= —4.
3:—>21'—3

Proof. Let € > 0. Choose § = min {0.5, %} Suppose that 0 < |x — 2| < J.
Then 0 < |z — 2| < 0.5. We have

—050<xr—-2<05
—-15<zr—-3<-05
0.5 < |z —3| < 1.5.

1
We get < 2. Then,
w—3
2z 6x — 12 6(z — 2) 1
4| = = =6-|lr—2|- —— <66-2<e.
x—3+ ‘ x—S' ’ r—3 ’ = =2l |z — 3| c
2x

Therefore, lim = —4.

=21 — 3

9. (10 marks) Use definition to prove that

li 1
im = —00.
zo1- 12 —1 >

1 1
Proof. Let M < 0. Choose § = min{l,—M}. Then 0 > 0,6 <1andd < U

Let x € Rsuch that = <2 —1<0. Then —-1<2x—1<0. So, 1l <zx+1<2.
We obatin

L < L d 1< ! <1
z—1 1) 2 x+1
1 1 1
< —=-1< M

22—1 (z—D@+1) = &

Thus, lim =
z—1- 2% — 1

|
|
8



10. (10 marks) Let f and g be real functions from a set F to R.
Assume that there are d; > 0 and K > 0 such that

lg(x)] < K forall z € (a — dp,a+ &) C E.

Let a be a limit point of F and f(z) > 0 on E. Prove that if f(x) — oo as x — a, then

g()

=— <~ s 0asx — a.

()
Proof. Assume that there are 0y > 0 and K > 0 such that
lg(x)] < K forall z € (a — dp,a+ ) C E.

Let a be a limit point of F and f(z) > 0 on E. Suppose that f(z) — co as x — a.
K
Let € > 0. Then M := — > 0. There is a §; > 0 such that

€
. . K
0<|xr—a|] <dé implies f(z)>M = —
Choose 0 = min{dp,d;}. Let x € E such that 0 < |z — a|] < J.
We obtain x € (a — dy,a + ) and 0 < |z — a|] < ;. So,
1 €
gx) <K and —— < —
9(@) =<7
It follows that
g(x) ‘ 1 5
— - 9g(z)| - =< K- -—==¢
70| =1 75

Thus, 9(z) —0asz —a.

f(x)




