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L4 MAC3309 Math Analysis

Some Definition to prove this examination.

1.

lim x, =a
n—oo

lim z, = +o0
n—o0

lim z, = —o0
n—oo

lim f(z) =L

r—a

lim f(x) =1L

T—r00

lim f(z) =L

T——00

lim f(x) = 400

T—a

lim f(z) = —o0

—

Ve>03dNeN, n>N — |z, —a|<e
VMeRINeN, n>N —zxz, > M
VMeRINeN, n>N —z, <M
Ve>030>0,0<|z—a|<d—|f(x)—L|<e
Ve>0dM eR, a >M — |f(x) - Ll <e
Ve>03dMeR, e <M — |f(z) - L|<e
VM >0 36 >0,

O<lr—al<d— flz)>M

VM <030>0,0<|z—al|<déd— flx) <M
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. MAC3309 Math Analysis 110 Y SEC.....ooovoooeoe.

1. (10 marks) Let a and b be real numbers. Prove that

1
a2+bg+52a+b.
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2. (10 marks) Let x and y be real numbers. Prove that

if 2z —y|=|zr—2y|, then |z+y|<2|z|
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3. (10 marks) Define the set
A:{6+72:n€N}.
n

Find sup A and inf A with proving them.
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4. (10 marks) Use Definition to prove that

oM +4 1
hm — = —.
n—oo 6n2 + 7 3
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5. (10 marks) Let {x,} and {y,} be sequences in real. Prove that

if z,, and x,, + y, coverges, then ¥, also converges.
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6. (10 marks) Use definition to prove that

1
{M} is a Caucy sequence.

Division of Mathematics Faculty of Education Suan Sunandh Rajabhat University page | 8



. MAC3309 Math Analysis 110 Y SEC.....ooovoooeoe.

7. (10 marks) Let A and B be non-empty subset of R.
Assume that A is open and B is closed.

Determine whether A — B is open. Verify your answer.
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8. (10 marks) Use definition to prove that
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9. (10 marks) Use definition prove that

. T
lim 5 = —00
z—1+t1—2x
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10. (10 marks) Let f and g be functions on R such that
glx)>1 foralzelR
Let a be a limit point of R and f(x) # 0 for all € R. Prove that if f(z) - 0 as x — a , then

i 9)
z—a | f ()|
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Math SSRU
Solution Midterm Exam. 2/2023
MAC3309 Mathematical Analysis
Created by Assistant Professor Thanatyod Jampawai, Ph.D.
1. (10 marks) Let a and b be real numbers. Prove that
2, 52, 1
a®+b" + 5 >a+0b.
TYPE I
Proof. Let a and b be real numbers. By the fact that
(a+b—1)2>0and (a—b)%>0.
We obtain
2 2
(a+b—1)*4+(a—0)">0
(a+b0)?%—=2(a+b)+14+a®>—2ab+b>>0
a® +2ab+b* —2a —2b+ 1+ a® — 2ab+b* >0
2a® + 26> — 24— 2b+1> 0
2(a*> +v*) + 1> 2(a +b)
1
@’ +b' 45 >a+b
O
TYPE IT
Proof. Let a and b be real numbers. By the fact that
(a—23)2>0and (b—3)? >0.
We obtain
1\? 1\°
- = b—=]) >0
CHRCHE
1 1
2 2
— - +b0"=-b+-2>0
a’—a+ 1 + + 17
1
a® +b* + g Zatb
O
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. MAC3309 Math Analysis 110 Y SEC.....ooovoooeoe.

2. (10 marks) Let x and y be real numbers. Prove that
if 2z —y|=|zr—2y|, then |z+y|<2|z|

Proof. Let x be a real numbers.
Assume that |2z — y| = |z — 2y|. Then
22 — y|? = o — 2y

(22 —y)* = (z — 2y)?
422 — Aoy + y? = 22 — 4oy + 4P

322 = 3y°
22 = ¢
Va2 = /12
|z = [y]

From Triangle inequality, we obtain

[z +yl <]+ |yl = 2] + |2 = 2|z|
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. MAC3309 Math Analysis 110 Y SEC.....ooovoooeoe.

3. (10 marks) Define the set
A:{6+72:n€N}.
n

Find sup A and inf A with proving them.
Claim that inf A = 6 and sup A = 13

Proof. infA==6
Let n € N. Then n > 0. So, 7772 > (0. It’s clear that

7
6 <6+ .
n

Thus, 6 is a lower bound of A.
Suppose that there is a lower bound £y of A such that ¢y > 6. It follows that

7
lhy<6+— foralneN. (%)
n
From —— > 0, by Archimendean property, there is an ng € N such that
1 ly—6
— <2
no 7
Since ng > 1, ng > ng. We obtain
7 7
— < —<ly—6
ng no

So, 6 + 12 < £y. This is contradiction to (). Therefore, inf A = 6.
o

sup A =13
Let n € N. Then n > 1. So, n2 > 1. We obtain

Thus, 13 is an upper bound of A.
Let u be an upper bound of A. Then

6+12§u for all n € N.
n

Choose n = 1, we obtain
13<u

Therefore, sup A = 13. O

Division of Mathematics Faculty of Education Suan Sunandh Rajabhat University page | 15
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4. (10 marks) Use Definition to prove that
2n?4+4 1
im ——— = —-.
n—oo 6n2 +7 3

1
Proof. Let ¢ > 0. By Archimedean property, there is an N € N such that ~ < =

1 1 1 1
Let n € N such that n > N. We obtain - < N Since 18n2 + 21 > 18n?, 82 121 < =z

1 1
From n? > n, we have — < —. It follows that
n n

ot

6n2+12—6n2—7

2n? +4 1'_ ‘3(2n2+4)_(6n2+7)‘ B

6n2+7 3 3(6n2 +7) 18n2 + 21
B 5
_‘181124—21
_ 5 o5 555
18n2+21 — 1802 ~n2 ~n — N
Thus, limw—l. O

n—oo 62 4+7 3

5. (10 marks) Let {x,} and {y,} be sequences in real. Prove that

if x,, and x,, + y, coverges, then y, also converges.

Proof. Assume that x,, — L and x,, + y, — M as n — oo.
We will to prove that y, - M — L as n — 0.
Let € > 0. There are N1, Ny € N such that

n > N; implies |z, — L| < %
and
n > Ny implies |[(z, +yn) — M| < g
Let n € N. Choose N = max{Ny, No}. For each n > N, we obtain

lyn — (M — L)| = |((zn + yn) — M) — (2n — L)
<|(@n +yn) — M|+ |z, — L]
cfif.
2 2
Thus, ¥, converges. ]
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. MAC3309 Math Analysis 110 Y SEC.....ooovoooeoe.

6. (10 marks) Use definition to prove that

1
{} is a Caucy sequence.
n(

n+1)
1
Proof. Let ¢ > 0. By Arichimedean property, there is an N € N such that N < %
1 1 1 1
Let n,m € N such that n,m > N. Then — < — and — < —.
n_- N m -~ N

From n? > 0 and m? > 0, we have

nn+1)=n +n>n and mm+1)=m>+m>m.

So,
1 1 1 1
— < - and ——< —.
nn+1) n m(m+1) — m
It follows that
1 L N S I
nn+1) m(m+1) n(n+1) m(m + 1)
B 1 1
“nn+1) m(m+1)
1 1
S — i
n m
< 1 N 1
- N N
< = + t= €
2 2 )
1 .
Thus, { } is Cauchy.
n(n+1)
O
7. (10 marks) Let A and B be non-empty subset of R.
Assume that A is open and B is closed.
Determine whether A — B is open. Verify your answer.
Answer : A — B is open.
Proof. Assume that A is open and B is closed. Then B¢ is open.
By theorem, it implies that A N B¢ is open. Therefore,
A — B = AN B¢ is open.
O
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8. (10 marks) Use definition to prove that
1 1
im——— = —.
r—1 2 +1 2
(1
Proof. Let € > 0. Choose § = min 3 € Suppose that 0 < |z — 1] < 4.

Then 0 < |z — 1| < 3. We have

1< 1<1
_— x_ —
2 2
1< <3
2 "% 2
1< 2<9
< z
4 4
5 9 13
z 1< =
4<3: + 1< 1
It follows that
3 5 5 13
Z Z 2 <292 +1 -~
2<:c+1<2 and 2<(3:+)<2
5 1 2
S l]< - and ————+= < - Th
o, | + |<2an 2(x2+1)<5 en,
1 1 [2—(z241)| | 1—2a?
22+1 2] | 2(22+1) | [2(22+1)
_ -1 -1+
C2(x2 41 2(x2+1)
1
= |z —1]- [
5 2
1 1
Therefore, lim ——— = —. O

ol 41 2
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2 MAC3309 Math Analysis 110 YO SEC

9. (10 marks) Use definition prove that

. T
lim 5 = —00
z—1+t1—2x

1 1
Proof. Let M < 0. Choose § = min{l,—w}. Then0<d<land0<d < TR
It is equivalent to

1
—— < M.
30 —
Let z e Rsuchthat 0 <x—1<9d. Then0<zx—1<lorl<z<2 So, 2<z+1<3. Weobatin
1 >1 q 1 >1
Z an -
-1 M 21173
It is clear that t —1 >0 and x +1 > 0. Then
r>1
1 1 -1 1 1 >1 1
R R | v—1 z+1° 5 3
1 1 - 1 1
z—1 xz+1 6 3
T 1
— < —— < M.
1— 22 30 —
Thus, lim 5 = —00 ]
z—1t 1 — 2
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. MAC3309 Math Analysis 110 Y SEC.....ooovoooeoe.

10. (10 marks) Let f and g be functions on R such that
glx)>1 foralzelR
Let a be a limit point of R and f(x) # 0 for all € R. Prove that if f(z) - 0 as x — a , then

i 9)
z—a | f ()|

Proof. Assume that f and g are functions on R such that
glx) >1 forallz e R

Let a be a limit point of R and f(x) # 0 for all z € R.
Suppose that f(z) — 0 as z — a.
Let M > 0. There is a § > 0 such that

1
0<|r—al <o implies |f(z)|< U
1

Let x € R such that 0 < |z — a| < §. We obtain |f(z)| > 0 and 7] > M. From g(x) > 1,
it follows that

g(x) 1

> > M.

[f(@)] | f(2)]

Thus, 9(x) — 400 as ¥ — a. ]

|/ ()]
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